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CHAPTER I 
IimiODUCIIOH 
1 , 1 , 3!he present thesis Is based on the study of 
iategrabili ty of functions defined by trigonometric series 
and power series , A namber of theorems of different charac-
ters h a ^ been proved. Some of the restilts are concerned 
with the behaviour of the Fourier coefficients. Before giving 
a resume' of the earlier researches in the light of which 
various results have been obtained by the author, i t seems 
desirable to state here the notations and definitions which 
will be req^uired in the sequel. 
Befinitions. A sequence of positive suEbers 
i s said to be quasi-moxiotonic i f , and only i f , xT^ a,! ^ ^ 
oa^ 
for some p > o or equivalently, i f , and orily if,Aajjj> -
for Some a > o , where A a ^ m a^ - a^ ^^ j^ , 
A sequence {aj^j i s said to be 6-quasi«mo no tonic i f 
a j^ - o , ftjj > 0 ultimately, and A a^ ^ > - where 
is a sequence of posJbtive numbers. 
^ ^(x) (a ,b] , o < a < b < « or - « » < a < ' b < o , 
we denote a nox^-negative funotloa 4>(3c)» not Identically 
aerot such that x*^ ^(x) i s non^decreasing and 
i s non-increasing as x increases in (o»*»)* IB^  0(x)v^<a»b>» 
we denote a function 4>(x), such that for some positi-ve e , 
4>(x)^|a+e, b-e 
A positive and measixrable function is defined to be 
slowly varying i f i t sat isf ies 
UM 
lim m I 
X - » Ii(x) 
for every fixed X > o . A slowly varying function can also 
be reparesented by 
« e ( t ) 
Mx) a c (x) exp / —— dt , 
I t 
where c(x) is a positive and measurable function such 
that l i a o(x) e c > o and e(x) is continuous and 
lim e(x> « o . 
X » 
A sequence ^ called convex i f , > o . 
where A ^ a^ ^ « A a ^ - Aa^^^ and Aa^^ « a^ - a^^, 
A sequence -{a^^ Is said to he qiiBsl-convex I f 
£ (J»X) I a \ I < « 
npX 
A sequence ie eaid to satisfy condition S i f 
<i) a„ - o t n -
( i i ) there existe a eequenoe of namibere -j^ Aj^ } such 
m 
that I 0 and Z A^ < « , 
ml 
(iiX) I Aa^^j < A^ for all n, 
A seguence-{^ajj^ io said to sa t is fy condition S» If 
(1) a^ - 0 , n , 
( i i ) there exists a sequence of numbers { a ^ } such 
that is a quasi^monotone sequence and £ ^ ^ **» 
L nj hfI " 
( i l l ) I A a ^ l < A^ for a l l n. 
A sequence will be said to belong to class s (6 ) 
I f 
(1) a^ -"Of a 
(11) there exists a sequence of ntuabers ^Ajj^ } 
CO 
that i t i s 8-quasl^.inonoton© and E JL < t 
npl 
( i l l ) I i 1 \ 1 for all 
l e t b© an inereaslng function, satisfying : 
(1 ) i s a non^negative function such that 
is incaseaslng as x increasing from zero to infinltsr* 
( i l ) there exists a positive constant k > 1» such 
that t|>(x)/ k is decreasing as x is increasing from zero 
to infinity, 
A no&-decreaeing continuoue real valued^ | defined on 
the non->negatiire half line and vanishing only at the origin 
will be called an Orlice function (OF), Function | e OF 
i s said to satisfy ( a > o ) condition for large u 
5 
i f there are constants o > o and u^  > o such that 0 -
$ (att) jS c $ (u) , u > u^, A convex Orliea function | 
Satisfy the conditions 
^(tt) i ( t t ) 
l l a — — w 0 and lim — -
U - » 0 tt tt-»«tt 
is called a Young function (IfF), Function ^ helongo to 
YF I f , and only i f i t admits a repu'esentation 
« / dt , 
o 
i!?here V^(t), t > o i s positive, ^ i o ) » o, contin»oufl on 
the r i ^ t , non-decreasing and lim « «», 
t <» 
we denote hy M the class of Qrlics function $ whidi 
satisfy the following conditions of Mulhalland^\ 
5Ehere exists a convex function y\ t X > 1» and o < a < If 
OC ^ 
such «iat the inequality AM < f U u) < X A<u) holds for 
a l l u. 
B&ilhalland, H.P, [ 5 5 ] 
6 
k foactlon f (x) is said to belong to the class 
« p ap 
UT,a) it f |f(*)| ( B l B x ) dx < 
0 
I f f ( x ) e Hvpa) then we define 
f w P aP IVP 
I If 11 a |f(x)| ( s l n x ) dx f • 
p,a ^ 0 ^ 
we write 
1 n 
• • S a. , 
n lo«l * 
C* • i E ( i ) aj^, y^(x) e BV[o,l] 
" n to"! n 
^ f v/nE a^ COB Bjc or g a^ Bin nx we 
denote the Fourier cosine and sine series of Iiebesgae 
Integrahle function f or g irtilch i s periodic with 
period 2i(. 
1 . 3 . Concerning the integrahility of functions defined 
7 
by trlgo»om«trlc series , prof. B, Sz-lfeigy was the f i r s t 
Mathemtlolan ^ o isade a systenatio study ot tlie Integra* 
b l l i t y of fanotions represented by trigonos»tric ser ies . 
His results were published in 1949* After that a number 
of papers were published by E. Boas, p , Heywood» M,M,Rober8ton, 
Chen Yten^Misig, lsuai« Asicey and W a i n ^ , ASkey and Boas, 
S. M, liazhar, R, S« Khan and others. 
Concerning the integrability of trigDnometrio series 
for I fc lass , R.p.Boas^^ proved the following theorems 
m 
theorem I f a^ 4 o and o < r < 1 , then £ a^ cos nx 
converges to f { x ) and e I(o»it) if# and only i f 
E n a„ < for o < r < 1 , then aliove result i s also ml ^ 
true for sine series , 
P»Heywood^^ extended Hheorem A for other values of r . 
He proved the following theorem I 
gh^rjm B, Suppose that a^ ^ i s ultimately noivnegative, 
1 ) Boas, R. P. 3 
2) Heywood, P. [2-3] 
8 
1 •• tlmt the series | • \ converges to aero, and 
tlmt t{z) a • + t ^^ e©fl ax* Bien for 1 < r < 3, 1 
2 ml 
£<x) € Kotn) i f , ana only i f , t a - < 
upI " 
In 1954 Aljancic, Ba^onie and Utomlc ^^ generalized 
tli0 atjo've results of Boom in tlie following torn t 
C. J f a^ o, 0 < r < 1 , t!ien x"^I . ( l /x )f (x)eKo, i t ) , 
m -
i f , and oiay i f t w^^Hn) a^ converges, ishere 
ml ® 
f!{x) • • a^ • I & eoB m. 
Z ^ ml ^ 
and IiCx) denotes a slowly inaiying function. 
fheorp D, I f a^ ^ | o , o < r < 2, then x'*®' Ii<l/z)ei<«,ff) 
i f , and orily i f E a-^  converges, iff^ iere gC*) « 
jml 
m 
Z sin nx and Ii(x) denotes a slowly varying fanction« 
»«1 ® 
SSiese theorems were suhseqaently genemlized by 
1 ) BojanicV R. and atomic, M. [ 1 ] 
S. Shah^^ and Yong^^ for qaasl-zoonotooe sequeaoee. 
Io2ig proved the following tlaeorem : 
flieor^ B, Iiet o < r < 1 , and-j^ a j^^  be a quasi-monotone 
-
sequence with a o as n afeen 2 a ^ I {n) a„ 
^ ml " 
oonvergee eirer^here to fix) save possibly a t z « o» and 
z"^ U i / x ) f i x ) e Ko^it). 
^eorem P. Let -[ajjl be a quasi-iDonotone sequence with 
Bjj 0 as n «»• 
( i ) For o < r < a, i f t n^^ I.(n) converges, 
mX 
M 
then Z a„ sin nx converges everywhere to g(x)» and 
ml ® 
K l / x ) g{x) e 
( i i ) For 0 < r < i f £ sin nsc converges 
everywhere to gCz), and 
ac-* m / x ) g{x) e 1(0^11), then 
1 ) Shah, S. M. [ 3 ? ] 
2) Yong, C. H. [ 4 5 ] 
1 0 
E x^^ L(n) aji 
ml 
coBvergee.. 
In Cbapt©r I I of the p2?esent thesis we proved the 
followiag general integpaMXity theorems which generallaea 
(Hheoresi £ aM f , 
Theorem liet H x ) >, I,et ^a^^^ be a 
w» 
6-Quasi».moJiDtone sequence and z Hl/^) ^n < **** ®hen 
w l oo 
E (X/^) (^(X/jj) a^ ^ Is coiwergeat I f , and onXy I f , 
npX 
1 " 1 a^ I a^ cos n* eomrerges to f ( x ) except poSsihXy 2 o » 
a t X w o» and 4>(x) f(3c) e 
theorem 2(1)• ie t (t>(x) - a , -X >• Iiet {a^^j he a 
«o oo 
6-qua6l»monotone sequence. I f E and E (X/«)0(X/„)a_ 
bpX « » »8X 
are convergent then E a sin nx converges everyidiere to 
w»X 
g(x) and <J>(x)g(x) e I<o,w). 
(11) Let <J>(x)^< -X, 0 >. I f E a_ sin nx converges 
hfX 
«» 
everywhere to g(x) and <l>(x)g(x) e L{o,ii) then E (XA)(J>(X/^)a 
ni»X 
converges, 
1 1 
1 . 4 , W, Toaag^^ studied the li^coiwergeiice of the 
- » 
eoBine sums f ( x ) » | a^ • S cos ax aad proved the 
following theorem ; 
^^eorem G, If-^aj^Vis a ooa'9®* seqoejace with Of 
a thea 
.It 
liffi / jf (x> ^ s A x ) I dx - 0 
a «» 0 
i f , and only i f 
log a 0 , 
A* ir# KoXnogoroir^ ^ geaeraliaed ihe above theorem by 
relaxing the coaditioa of convexity of the sequeace j 
by qaaBi-coawxity and proved the followinv theorem. 
gtieorea H, J f {aj^j ie qaasi^coavex seqaeace each 
that a^ j Of then 
1 ) Young, W.H. [ 4 7 ] 
2) Eolmo@>rov, [2-9] 
1 2 
l l o / * |f(X) - s j x ) \ dx 0 
n - 0 
i f , ana oiily i f 
log n 0 . 
In 1973 Telyakovskii^^ generalized the above IQieorem H 
in the following form t>y relaxing the condition on • 
He proTred the following theorem : 
S t w e a I , I«et { a ^ j € S then 
% 
liffi / |f (x ) -Sjx )|te - o , n 
n «» o 
i f , and only i f 
bl^ log n 0 , 
where S i s the claoe of sequenoeB a^^ ]^^  whioh satisfy 
the following conditions t 
( i ) 0 , n 
1) lelyalcowkii, S. A. [ 4 3 ] 
r, 
o 
(UL) iSiere exis ts a sequence of uufflboTB { i ^ } 
m 
such that A- i 0 and E A^^ < «» , 
dpX 
( i l l ) I Aa^jl < A^ for a l l n. 
Recently ttoe condition on the se«xuenoe were 
weakened by ths condition that ^ quasi-monotone. 
Tery recently Qarett and Stanjevic^^ have studied the If 
L-convergence of the cosine sum of form 
i n a n 
f« (x ) « • E Aa^^ S ( E A a . ) cos Ics 
" 2 k«o leal 3 
and irroved the following theorem, 
ffieorem J , Let {a^^ he null quasi-convex sequence, 
then converges to f ( x ) in Inaietric, 
Bahu Ram^ ^ and Maiher M.H.Miarzuq'^  proved the above 
(Cheer«m J under the condition that the sequence {etjij satisfy 
•f f 
1 ) GeTj^ ettt J,W» and Stanogevic,C.V, |ll3] 
2) Sam, Baba Z^s'] 
3) Hiaraiq, K J f . H . C s z ] 
1 4 
tbe condition S, 
Xater on Uran^fan S i n ^ and K.M.sabBTioa^ ^ generalteed 
Theorem «r and tliose of Babu Bam and £3^znq by using 
condition S* in pXace of condition S, He proved the foXIowing 
theorem i 
flieorein K, liet ^a^^ e S», then 
Urn / l f (x ) - f j x ) j d 3 c « oCl) , 
n o " 
In chapter I I I of this thesis we hare established a 
theorem which genecralises the above !Bieorem K» by in'teoducing 
the notion of d<*4Uasi*con7ez seqaences* in the follovring 
form ; 
a^eoreiff. Let {aj^^ 6 S(6) with n < then 
lim / | f ( x ) - f j x ) j d x « o ( l ) . 
n » 0 
1 . 5 . In 1927, Hardy and Littlewood^^ and in 19^5, 
1 ) Singh, K. and Sharma, K.I5, [ 4 i ] 
2 ) Hardy,O.H. and Idttlewood,J.E, IZZ^ 
1 5 
p. Heywood^ ^ etudiea the iHtegr&bllity of functions 
represented "by power seriee and proved several theorema. 
Hie xBain theorem Is as follows : 
« k 
gheorem liet P(x) » 2 a^ at % a,^  > o, o < x < 1 , 
toaO * 
fhen for o < r < I , 
( l - x r * e L(oA) 
I f , and oiily i f 
09 _ 
2 i f ^ ^ < . 
later on Heywood^ ^ himself weakened the hypothesis of 
E 
positireness of the coefficients a_ with a - $ where 
e > 0 • Some of the theor^s of Heywood were 8a1>seque2itly 
generalized hy Boas and Gonalesit-I'eaMii^de8^\ Chen"^ ^ also 
made certain generalieations in another dtreotion. He proved 
the following theorem : 
1 ) Heywood, IP. C 3 
2) Heywood, P. C 3 
5) Boas, R.p, and (Somlea-Pernandea [ 6 3 
4) Chen, t.M. [ ^ 3 
1 6 
iEheorem M. Suppose that a^ ^ i e positive or zero» 
and i s ultimately non-Increasing, that F(x)« £ a. x^, for 
0 < X < Xp and that « < r < 1 , Then 
e X<o,l) 
l f» and only I f 
Z ^(ja a ) < « , 
npl 
wh^e ^ i s the funotlon defined l n | l , l « 
In 1970 Utoyeaynskl^ ^ proved several theoreias concerning 
the Integrahlllty of pow^ series with laonotonlc coefficients. 
His msiln theorem Is as follows I 
** v 
lEheorem N, Let P(x) « £ a ^ x r , o < x < l ^ I f 
— lB»o ^ 
®n 2 > 0 (» " Then 
/ $ (F(x))dx < 
e 
I f , and only I f 
1 ) woyc«yMkl, W.A, [ 4 4 ] 
1 7 
. 2 -E f ( E fiu^) < «» 
mX te»o 
whore |(x) is a convex crliog function satisfying A 2 
conditions. 
Very recently Jain^^ have proirea several theorems by 
relaxing condition of monotonioi'ty of QQasl»i!x>notonicity of 
the coefficient a^ .^ IJsr ifaain result is as follows : 
k 
! " 
Cheg^ em 0, liet ?:(x) £ ^ 9 o < x < 1 • If {^ajj^ i s 
i i ^ 
a quasi-monotone s e q u ^ e such that o < < < 
some p > 0 , (n B and 0 < r < l , then 
/ ( 1 - x r ^ $ < « 
o 
i f , and only i f 
E f ( ? a,^) < 
n«l IspQ 
In Chapter IT we hare •etahlished two theorems by 
1 ) Jain, P. 2 
1 8 
replacing the foaetloa (l-x)"^ by a general Integrable 
function i^lch include » particular case , theorem of 
Hardy and Littlewood^^ the theorem of jrain^\ Our main 
theorem i s as follows : 
fheorem 2, le t X(t) he a positive non-increasing integrable 
function on the interval o < t < 1 • Let P(x) » E a^ x^, 
k-o 
0 < X < 1 , I f i® ^ quasi-monotone sequence such that 
0 < B| < n^a^ < Bg with some p > o, ( n » 1 , 2 , . . . ) then we 
have 
/ X( l -x ) $ (F (x ) ) fix < 
o 
i f , and only i f 
E X ( l / n ) $ ( E a. )dx < « , 
ml te®o 
where ^(x) i s a convex orl ica function satisfying A 2 
conditions* 
1 , 6 , In 1929» Hardy^^ proved the following theorem 
1 ) Hardy,G.H. and Idttlewood, [ 2 2 ] 
2) Jain, P . [2.61 
5) Hardy, G.H. [ ^ i ] 
1 9 
ooncerning the Fourier coefficients of a function belonging 
to ^ a e s , 
gheeyem p« If a^ ,^ ag, are Fourier coefficients 
of a function of class # # p > 1 , then ^^t | | *** 
are also fburler coefficients of a function of class iP, 
where 
a^ • ag + a j + + a,^  , 
Ister on Peterson^^ proved the following theorem concer-
ning (C,a) mean of , 
fheorem q. If aj ,^ a g t ^ ^ . t a ^ ^ i , e r e the Fourier coeffi-
cientsoof even function 
f (x) ^ X a_ cos nx 
ml ® 
belonging to Jp class ( p > 2 , then 
1 ) Peterson, M. [34-] 
2 0 
are the Fourier coefficients of an even function g(x) 
belonging to < p) , where 
e 1 n A^o t Aw V P 2 o-
" ^nf^^ IDS© ^ 
In 1959, generalized ifce above theorera of 
HOP AY in the following form * 
gfaeprem R, le t I < p < If a^ ^ is the Fourier cosine 
coefficient of a function belonging to iP c lass , then C* 
i s also Foorier cosine coefficients of a function belonging 
to iP c lass , 
Toung^^ using matrix transformation, obtained a namber 
of general resul ts . 
His result were extended by Goes^\ who in a series of 
papers obtained several interesting results of different 
1 ) Goldberg, R.R. [Zo] 
2) Young, F , H. C46:l 
3) does, l i i - ] , C i v ] , Ci^] , 1 1 9 Ti 
21 
characters, BeXlmair', replacing by E , proved 
^ a t Haray's result remains true, ifere precisely he proired 
the following theorem : 
!Pheerem 3 . If a^* Fourier 
cosine coeffldlents of a fuaetion f ( x ) e p > 1« then 
Fourier coefficients of a function 
f (x) e tPt vAx&re 
a m 2 ^ « 
° Ic 
lawata^^ proved the above result for eln series , 
She cases p « 1 , in Theorem ? and S have been considered 
by lonytishloov^^ examined the corresponding problem 
for Itip a class* 
Ihe converse of fflieorem P is not necessarily true. But 
1 ) Bellaan, R. 
2) toroita, I . [ 2 8 ] 
3) loo, C, CSJ] 
4) Kionyush|DV,A*A, [ 3o] 
2 2 
Slddlqul^^ proved a naoessary and sufficient tsrpe theorem 
by inqjoBing additional condition on •fiie segaence , 
He proved the following theorem: 
theorem Let F(x) ^ Z a^ cos m with a^ ^ o , 
«a 
33ien a necessary and sufficient condition that £ a^ cos as 
he the Fourier series of f ( x ) t jP Ib that E cos mc be 
the Fourier series of a function belonging Tl^ c lass , tii^ere 
1 ° p > 1 and e s S e^^ 
In Chapter T of the present thesis we have obtained the 
following general theorem by weakening the hypothesis of 
^eorem S* 
ffleorem> Let "be a positiire null sequence soch 
that n^^ajj be monotonieally decreasing for some ndn»negativ# 
integer Suppose f ( x ) m i a COS NSC, !I!hen a necessary 
B»l 
o» 
and sufficient condition that the series z a^ cos nx be 
ml ® 
1 ) Siddiqui, A. H. [ 4 0 ] 
2 3 
the Fotcrier series of f (x ) e I<Pta) i s that I oos nx 
be the Foorier series of a fiiaction belonging to L(p,a) 
olassf where 1 < p < «» , - 1 < ap < p - 1 and 
24 
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iHSEOUBiiiiajt Of miooHCMmio SERIES * 
2 .x . Pefinitlony. A mqueme j i s said to bt 
menotonic deoreaeing If a^ j^ ^ ^ a^ i^ a * . I t i s 
mid to be m i l sequence i f a^ • o . 
3be idea ef deoreasing null sequeisoe iras geiieraliaed 
in the tatm of quasi^ooootonio seqaesce in 1947 
and Saasa^^ in 1948 in the following aanner. 
A eeqaenoe ( 1 positive numbers i s said t o he 
quasl^notonio if» and only if» n J^  o for soae p > e 
a a 
or equimlently, i f , and only i f , A s ^ > * for sone 
® a 
a > 0 , whence A • - • 
I t is clear that i f {a^i ] i0 a aonotonio decreasing 
null sequence then i t is alse qiiasi««]aonotonic. However, the 
conrerse need not he true. 
SIhe quasi^oonotonic sequence are known to share mx^ 
1) Shah, S.M. [ 30 ] 
2) Saaes, 0 £4^] 
^ PuhOsUJi ^-y^cUoM JourW Pu^i a^d Af,j,Ltd lO(ji\j 121^ -/J2(5 
2 5 
of the ixaportant proptrtiee deoreaBing seqttenots. 
Wex «3campX« Oliver's theorem Siass^^t the Oaachy oondexitation 
test for conv-ergeosd Sbah^ ^ and Sssass^ ^ and a ntssher of 
reauXts aho&t trigonopfttrio series have been foond to ho 
true for quasi'^notone seqoeneee* 
A) 
ZsL 1965 IS0&B ' eoneider a mr€ ^meal MiBltionj^qoaei^ 
moBotonio SE^I^AENOE, ACCORDING to M B a EEQIIENOE Ta^l i s said 
to he doqaasi^iBonotoiiio i f ultisiateljrv and 
A e^ > where j- i s a ee«|a«aoe of positive imahers, 
% ta^jig * mi find that a 6^(|ttasi-iaonotoni© 
se(|tzenoe heoomes sia^ly a ^aasi-^monotonie setoenee, A n&mher 
of resul ts involving the idea of S-»<|ttaai«iionotonle was 
obtained hy Boas^^. m res t r i c ted in hie wrious 
m > 
r e s o l t s by the condition E i i F 6 - < « * ( r > o ) er 
^ ml ^ 
E log n < % 
1> Ssa«» 0 . 14X2 
a) Shah, ll.[;3fi] 
5) £!Bass, 0 . 1:4?-] 
4) Beas, ] 
5) leas , R.P, t 5 ] 
2 6 
wc denote a fttiiotl:o]& not Identically 
aero, «aoh that ^(x) is iifiii'-4ecjreasliig aad sT^ 
im nonf^inoreaslng as x inoreases in ^ 
we denote a faimtioiiB ^(x) , Bm% tliat for some poeltlTe e , 
e , to • e ] 
A positiT« and oeaBarable fuxiotion i e defined to 
slowly varying i f i t sat isf ies 
« 1 
X 
for every fixed X > fben the above aaymptotie relation 
holds for every X > o» then aotaally i t holds nniforaly ^^ x-
oa any f ini te interval © < a < X < h < « » A ia.o«ay ysxylng 
fonotion oan also be represented W 
^ eCt) 
Ii(x) m J(3(x) esq? /- — ^ dt , 
I ^ 
! 
Where e(x> i s a positive and measorahle funotion s&oh that 
1) Chevi, T. M, [ 10 ] 
2 7 
lim o(z) « 0 > 0 and e{x) i s eontiimoas aM U » 
X •• X •• 
Bojaaic'aM Karaaata^^ 
2 .2 , Oliver<8 classical tlifioreBi» vhioh state that i f 
m 
j i s a inoBotoaio decreasing set^aesoe and ^^ % ^ ** * 
then n a^ i e § was f i r s t extended for qoasi-mono tonic 
seqaesoe hy Ssass^^ and later on for d«<inaei«»fflonotonic 
seqaences by Boas^), She result for $*qaasi«iiionotoxiio seqaenees 
i s as follows* 
jheoreiB A, I f l^ a^ ^^  i s a d*qaaai«>inonotonio sequenoe 
9* m -
with £ ft^ < tben the convergence of £ n^** a^ 
ml ^ ^ 
iBiplies that n ^ a ^ - ^ 0 t { v e 
She case r • 1 includes i l iTer*s theorem and also 
the corresponding result for qaasi*>Bionotonio sequences, 
fhere i s another interesting result which state that 
• i f 4/ e , £ n^"^ 2 n* A a^ < (r > o ) . 
»F=1 »»1 " 
1) BojaoiCt R* and Eoraoatay J* C^ j 
2) Ssase, 0 . < 14X2 
3) Beas» [ 6 3 
2 8 
Shis result was gentraXised for quasi-monotojilc ssqueiicta 
by Shah^^ and for S-quasi-aonotonlc stquences by Boa8^\ 
W« shall state below tbe result of Boas 5) 
gfaeorem B, If {^ a^ ]^ i s a d-^quasi-iaoaotonie sequence 
m 
With r JDF 6 < •• and Z a^ < then Z i?|Aa„|< •Kr>e>, 
mX ® ml ^ mX 
Shah^^ proved the followinn thsoreia conoerning the 
integeability of trigonometrio series for quasi-aonotonic 
seque3aces. extends certain theorems of Boas^^ for 
nonotonio null sequences, 
ghfioreg 0 , Let f ® quasi-nionoten:^ * 
r - l 
L, ana i, u 
»*1 
and only i f 
wm iM 
( ! ) If 0 < r < 1 , and S i ? a^ i s convergent i f , 
»*1 
x'^ '^ fCa:) E I»(o,«) where f ( x ) • S E^^ «E. 
mo 
r—1 
ml 
i f ^ and only i f 
( i i ) I f O < r < 1 , then Z xF"^^ a_ i s convergent > 
n»l 
1) Shah, S. M. j39] 
2) loas, R.f'. C5 : 
3} leas , |1 ff ' 
4) Shah, S. M, 
5) leas , R.P. 14 ] 
x ^ «(x) e Ii(o,i6), where g(x) » 2 a^^^  sin nx» 
» 1 
2 9 
SHs thftorem was eKtended by Boae^^ for fi-qaael-
aosotonle etquenoes In the follovlixg 
13. Iiet 0 < r < 1 , and l e t { t ^ } iJe a qaaei-
m ^ m 
ffionotoBlc sequeace with z a?^  < •• # I £ b* 
C0IIIR«rge8 (except perhaps a t la tegrai nailttpl.es U F 2JI) t© 
and conwrges i f , and OJrtly i f , 
ghoBorea B, D^et 0 < r < 1 , and l e t ^ ^ ^- taasi -
** jf ** mono tonic seqnence with 2 Er < « , then I a„ ein as 
ml ^ ml ^ 
converges i f , and only i f , x ^ g(3c) e 2i(o,it). 
Concerning the integrahiUty of trisonoiaetrio 
eeriee, Aljancle', Botanic'and fomio'^ ^*^^ proved the following 
theorenusj 
Theorem F, I f 0 < T < 2 $ then s*®l.(l/3t)g(x)ei»(o 
i f , and only i f , S n I*(n) a oonvergee, where «(x) • 
mt 
£ a., sin nx and denotes a slowly varying fonction 
1) Boae, R. P. C ^ ] 
2) Al^anoic', Bojanio'and Ionic' [ i ] 
3> Aljancic', Bo^anic^and SbBicT f Z 3 
3 0 
defined in the sense of Karanata^^ 
l^egrem I f a^ | Ot 0 < r < 1 , then (x)ei«(o^«>. 
l f» and only I f Z yf""^ I«(n) a converges, where 
ml 
f (x) « - a^ • E a_ cos ns, 
2 ® " 
later on In 1965 Yong^^ generallaed these results for 
quasi-mono tonic sequences as follows, 
gieorem H, liet 0 < r < 1 , and ^a^ j^ he a quasi-awnotone 
m 
sequence with a^ ^ o as n Ihefl 2 n^ I>(n) converges, 
1 
i f , and ojiLy iff n % 2 aj^  cos nx converges everywhere 
to f ( x ) save possihly a t x » o, and 
X - * L ( l / x ) f ( x ) e L(o . i i ) . 
imeoreiB I , Iiet ^e a quasl^monotone sequence with 
0 as n 
(1) yor 0 < r < 2, i f t I»(n) a^ eoKverges, then 
2 a_ Bin BX converges everyn^ere to g(x) , and 
n-1 ® 
1 ) Karainata,J. [.2-7] 
2) tong, C. H. 
3 1 
L ( I A ) g(x) e 
e» 
( I I ) For 0 < r < X# i f S ceiiTtrgeB 
evcrywher® to g(x) , and 
x"® I ( l / x ) g(2) e 1 , (0 ,«) , 
then 
i x »» 
oonvergea« 
Ocp? aim in tbis oliapter i s to generalise the 
r e sal ts of Tong^\ Inwhat follows we prove the 
following theoremB, 
1. Sal ^ix) ^ < - 1 , 0 S2i [ s } ^ ^ ^^  
(;^ tta8i«»inoDotoae segaenpe and £ < men 
m 
Z ( l / n ) $ ( l / n ) Ejj i s cenveopgent i f , and onljr i f , 
1 ** i a • z a^ 008 m Qomvcm f ( x ) exoeft ppesi'bly at 9 a — 
X • 0 , and (|>(x) f (x) e I.(o , * ) . 
X) long, 0 . H, [45-] 
3 o 
fiBQRIjM. 2 ( i ) . Lat - 1 >. l e t a 
nui ** ® 
are cenvegfceiit, tliea E a^ Bin ax o o a w g e i e-roryighere t© 
( 1 1 ) , | E T (l>(x) 0 I f 2 A ^ FIIN BK 
oonveggeB e^yerywhere to g(x) aM 4»(ac>g(x) 6 li(o>i>;)> then 
m 
Z {X/nmi/n)&^ oottver.gee> 
m l 
M £ gaytiotiXar ^ s e in gfaeorea 1 fayeorem 2(11)» 
we s ^ (^(x) » x*^ J i d / x ) » w ^ e 0 < r < 1 ^ d in 
fheorem 2(1)» we SSi SSj wliere 0 < r < 2, 
for ISie proof of these theorems we require the 
following lenmias; 
j , m m i , l e t $ ( x ) ^ < - 1 , 0 > w 4)(x)^< •a, - i >, 
then 
%<|>(X/n) S S (X/k) < Kg <t>(l/n) 
where Kj^  ag& Kg ^ e two y o e i t i y ooxmtents. 
3 3 
tooof • Iiet (^(x) < , 0 >, th©tt , 
E ( l A ) « I ~ am Hi/k) 
fe"! Jjje 
a 1 ^ « 2 4>(l/ls:) k*^ 
Kj 0<l /n) 
Again 
? ( l A ) ? ~ ( l A ) 0CXA) 
A 1. 0 . 
• £ — ^ ( l A ) ^ 
loa 
S i y I k®-^ 
ar 
< ~ a® 
3 4 
Ihus the result foXlowe, Similarly, we oaa prove the reenlt 
for >. 
iiSi S d-'imaai^aenotone Bequenpe 
with S <|>(l/ia) < If £ ( l / n ) H l M al. converges, 
. a — j j ^ j ^ « 
oo 
then 2 ii>(l/n) j A oonyer^es, wh^e 
^ < o> i|>(x) >, 
BPO^. Since Aa^^ > - we have 1 A a^ l^ < 
eo 
Suppose that I ( l / n ) ^<l/n) a < then by Iieaana 1 
ml ^ 
Z HxM)\Ab.J<K E | A a I Z ( 1 / 3 ) (|>(l/3) 
UBI " ** jwl 
^^  IQl 
< K z < A a „ + 2 & J E ( 1 / 3 ) (|>(l/3) 
K r ( 1 / 3 ) ti>(l/3) S C 2 6 J 
3«-l tt«3 " " 
K E ( 1 / 3 ) <l>(l/3)(a4i' 2 ? S J 
3««1 3 npi3 » 
< K £ (l/3)4>(l/3>a.^ 2K £ 6 £ ( 1 / 3 ) ^ (1 /3 ) 
3"1 ^ »«1 " 3«1 
3 5 
< K r il/i) Hl/i) a. K £ Hl/n) e. 
3«X '' a»X 
< - • 
l l 
l^am 3 l l o j , U t S^Cx) »(|) wliere 4>(3c)-<-X, 
fflieii < -X, 0 >, 
^g»aa If -X, o> aad (X/x ) v^(XA)f(x) 
« 
e 1(0 fit) and if a„ « (2/ic) f f ( x ) coe xac Sx for every n, 
tlien I ^ ( n ) a^ I s convep^geirt, 
n-l 
Iitaaa 3Ef % > o and i f the series Z a„ sin ax 
converges everyi^ere to the function f ( x ) suoh that 
$ (x) f ( x ) e Ii(o,it), where -X, © >, then 
2 (X/n) (^(x/a) a < 
»"X 
Breof of gheorea X, Since it'^a* 
I Z^aj^j ^ • AX80 the oonrergence of the series 
X> Che»v, T. M. [102 
2) Ohevt, T, M, [ i o ] 
i ) OheK, T. M, p o ] 
3 6 
I (^(X/n) impXl®» that E 6 < Sberefore, using 
ml ml ^ 
condition tbat «» we hav® 
m 
and thas | si- + £ a^ c©8 nx converges to f ( « ) except 
® BPX ^ 
possibly at x » o, Mv 
1 «» 
f ( x ) « • a. E COS ax 
2 ® BF»X 
X ~ (a^ , 
« A » M ^ • . a • £ A cos sija S nr 
2 ° e i n | x ° 
80 tliat 
< - % K 1 ^ ^ a l i I I. 2 ® a " ! '' 
3%tt8 
/ j f ( X ) I dx 
9 
< i a. / ^(*)dx tt / x*H<x) £ jZ^a^l jsin imcldx 
2 " 0 o nf»X ^ 
« i a . / It £ / x'Hix) |8in | n x / ^ ^ 
2 " o »ex ® « 
BTow 
• Ig, say. 
r • i a. / H^) 
2 ® o 
i / 
< I % / dJC 
2 ® <5 
3 7 
es 
2e 
aad 
I . « H s / l^^ C^ t)! e l a i JBt| ax 
* a » l 0 2 
•(x)| B t a l m l + 
A C 
• / * jT^ (|»(X) 1 B i n I a x I d * 
X/n 2 
X/N 0 
• 2 ! E ^(x/n) \A%\. 
2C APX ^ 
3 8 
Hence 
/ (x) l&t < 2! r (j><l/n) I A 
0 2® " 2C upI " 
< « , 
by virtu® of lemma 2. 
1 
Co&vers^Xy, suppose tbat a . £ a^ oos nx converges 
2 ^ ml 
every^ere to f ( x ) except possibly at x « o. i e t (|>(x) f ( x ) e 
L(o,tt), then f(x> e I»(o,it) and therefore a^ ^ are the l^urier 
cosine coefficients of f(x)^ that i s to say. 
% 
a / f (x)cos nx, ( n « o ,X ,2 , . . . ) . 
0 
Ihen by Iiemma 4f t (X/n) (|>(X/n) i s convergent, 
xml ^ 
33ii8 eoQ^Xetes the proof of Iheorem X, 
groof of Iheorem 2 ( i ) , Sinoe A a ^ > we hare 
m 
l A a ^ l < 2 6 a J h e convergence of Z 4>(X/n) 6 
intpXies that o» we have I | A a | < Tbus u j j ^ j ^ a 
m 
Z a^ sin nx converges to g(x) for every x , 
ml ^ 
3 9 
ll>ir 
g(x) 
2 0ln I X 
E 0 8 I X - C 0 8 ( J M - I ) % 
• i tan I X £ Z^ a_ • - £..n x 
2 • ® o 1 ^ 2 sin Ifc X 
2 
X E^Aaj^^l - co0(n • |) x 
and hence 
I 1 3 . I « 
|g(x) ! < - . . & , tan » X + - eeseo - x £ | A a^l X 
4 2 2 W"! ® 
K X«>eos(n + |)x 
flms 
/ 
0 < (^x) )g(x) |dx < - a j ^ ( X ) tan I X dx 2 4 
1 •• « 1 
• • Z ^ CO see - x 
2 ml 
l«>co8(n*> |)x 
1/n • 
/ (^(x)coBee s X 
LO 2 
x f l - e o i {m- |)x I dx + ^>(x) cosec i x X 
L J 1 / n 2 
4 0 
X l-eofiCja + I >x ^ te 
Now 
/ X HxW « / x^-e / - I ^ 
< / to 
o 
. E - 3 . 
K 
4>(x)cosec i X r 1«C08(|W' |)x ^ 
0 2 L 2 
< K n^  / X i^(x) ax 
0 
dx 
m K n ^ f x^-^ (l)(x) x^-* ax 
o 
a-€ 
< K n'^d/ii) ^(1/n) ds 
0 
and 
^(x)cofieo I X [ l - c o s ( n 4- |)x ] dx 
% 
< K / * 4>(x) ds 
l / a 
4 1 
w IH 
m K f X ^(x) X dac 
1 / a 
1+e % -2 -e 
< K(l/n) H l / n ) f x ax 
l/n 
- O ( H l M ) ) as n % 
Heziod 
/ H x ) I g(x) 1 ax < 
0 
by virtue of liemma Z, 
( i i ) Suppos® E a„ Bin ax eonyergee eyery^ere to 
ml « 
g(x) and l e t ^(x)g(x) e Ii(o,ii)# tlien fey Lemaa E (x / i i )^( l /n)a , 
x»X 
i e oo33vergent. 
lEbis eoiapXetev the proof of llheorem 2. 
4 
0HAPSER - ttt 
o 
OOmtOEHOB OF GM'SAIS OOSm SOUS IN 
TBB 1SE3&I0 SFAOB i, 
ISSSiiiSSS* ^ sefwence oalleft convex 
A^ • wbsre A^ st^  * ^n * 
tht . . 
Aa^ • a^ ^^ Imown^iS (^ajj j i s 1>ouiide4 
and oomresc then 
aM 
S (JH-X) a - < 
A ee^uenoe ^^ ^^ (|tta»i'«>eoJxr6x i f 
£ I A I < -w i 
Xt i s clear £roa t^e a1)oT« result tbat every boimdeA 
Qonrex sequexioe i s quaaio^ooirrez* Btoweirer^  the ooxiverse 
need not l^ e true. A mil ^uaai«»cenvex eequence [a^^] need 
not be none tonic decreasing. I t is» bewevar, of botrnded 
variation and eatiefies the ^ndit ion. 
4 3 
coaeept of m i l t«aii«ooirrez lia» beea focrth«r 
generalletd IfoljrakoTBldl^^ i n the f^^Ilowiag nam«r : 
A Btquenoe [a^j i s said to satisfy ooMitioa S i f 
( i ) a^ 0 , a , 
exists a sdqaeaoe of aumbers [A^ j^ 
emd E iL < » 
^ I < A^  for all a. 
ice ^a^ j^ qaasi<»coavext thea i t sa t isf ies 
•f S. 
J a"" % I . tJhea V V l ^ I A ^ f > • 
mA 
2 ^ I A^ a ^ l B«1 OKA 
« B 
J , I A S I \ I 
» » 1 XPL 
1 ) T T L Y A K O V M I ^ S . A , [ 4 5 ] 
4 4 
- E C » I ) J 
mX 
Z 
fhsis the stqaenoe e^^ ^^ j sat isfids oondltiosi ( i i ) 
Sime Bj^  0 as n <», we can always write , fur a l l n 
laspii 
0T l A s I S 2 I I B P H 
^ Aji^  f©r a l l 
Timm everj sa i l eeqtieiioe fa^ € S« 
As regard i t s cearerse i f we take aj^ * ^ tliea 
^ 0 m a ^ •• 
I I 
tliem 
L ft 
I I 
} Aa^l < —g. ®«is the aaaljer A^^ « —^ e x i s t s emoh 
a n 
Ajj^  © and 
that 
4 5 
Ihus the sequence f ^ J e S,T3&t I t i s not neoesearlXy 
since 
4 
> 2 ( » f l ) ml (nf2)2 
« I « i 
B«x (iH-a) tml (im-2)2 
Shas the sequence ^ajQ^jis not neoesE^ily quasl<-convex 
X « 1 
betjaase t < « an4 E « 
m l <af2)2 w»X <IH-2) 
I t i s clear that every nail qttasi?»convex sequence 
belongs to the class S* As regard I t s comrerse, i t i s el ear 
from the example a^ « ^^^^^ ^ sequence ] belonging 
A 
to S need not necessarily be quasi^conTex. In yienr of 
conditions ( i i ) and ( i i i ) i t follows that every sequence 
of class S i s of bounded variation and that 6 
as n -
A sequence ^a^^^of noz^negative numbers i s said to be 
: 6 
qna.Bl'^mxiotom If a^ j^^  < * •) for some conitant 
a > 0 and aXX n > i r ( a ) . An e^aivalent aefinltion i s o 
that BT^ i 0 som® ^ > o, 
A sequence [ajj^] I s saia to aatlsfy condition S« i f 
( i ) a^ o t n 
( i i> there exists a set^ ufeaee of numbers [A^] such 
that fA^] i s a qoasi^-jaonotoBfi sequence and Z A^ < # c iij ml 
( i i i ) 1 Aaj^l ^ A^ for a l l n. 
I t i s clear that the condition S* i s weaker than the 
condition S, 
In this chapter» we want to obtain a loore general 
c lass hy introducing the concept of 6»q[uasi«iDonotonicity, 
A sequence i s »aid to he d-quaei^aonotone i f a^ j^  o, 
a j^ > o ultiaately and Aa^^ > - where [S^] i s a sequence 
of positive nuahers. I t i s clear that a null quasi-aonotone 
a a -
sequence i s S-^quasi-fflonotone with » ^ , 
4 7 
A seqG^ttoe said to 1>eloii£ to oXass 
S(&) i f 
(i> 0 , n » 
( i i ) there exists a soqaeace of mim'bers [A^ ^^  j auob 
m 
tliat i t i s S-^qtiasi-iaoiiatoiie and Z < « , 
<ii i ) f A a^l S (Ajil ^or a l l a . 
I t i s ot»viott8 that a^ t S« iajpXies tbat 6 
3 ,2 , 3iet 
1 « 
f { x ) » - a. + S oes MX 
Z ^ ml ^ 
f„ (x ) « ? ( ? A a . ) c o s kx) 
Let denote the n^ -^ '- partiai sua of (S ,2 ,X) , 
Toun^^ concerning tli« Ii-coinrergenee of ^S^^Cx)] proved tht 
foXXowing theorem. 
X) Toang, W. H, 0^7] 
4 8 
gheoyea A. If ^Aj^ I i s a convex sequeoje with 
ajj^  then 
Um / |f ( x ) - S j x ) I - o 
n «» 0 " 
I f , and only I f 
ajj Xog n 0 , 
l a ter on Kolmogorov^^ generalised fheorem A "by relaxing 
the Condition of convexity, Be proved the following theorem, 
y^eprem B, If 5 ^ttaei-^oavex sequence each 
that ®' n then 
Um / * |f(x) - S j x ) I dx - 0 
n •• 0 ^ 
i f , and oaCLy i f 
a j^ log n 
1 ) Kolmogorov, A. H, [ 2 9 ] 
4 9 
In 1973 geaeraliaet the at)OV« 
5he©rem B in the foXlowlng manner ; 
g^erem C« Iiet [a^^j e S» then 
Xlm / * jf(x) « S j x ) 1 «R - 0 
n Q " 
i f , and only i f 
^ leg n 0 • 
Concerning the convergence of partial ReeS'-StanojeTio^^ 
sttsis in Ii-metrio, Oor^ett^Stani^vid'^ proved the 
following theorem : 
pieerep B. %b1s ^u^l'be nall-^quaai-oonvesE sequence, 
then [fj3^<3t)j converges to f (x ) in L-metrio* 
Babu, ItaM^^  and Siaher Iff.H,lfar8iiq^^ proved that the 
1 ) myaJoovskif, S. A. 
/ ^ 
2) Rees, 0 ,S . and Stano3evlo,C,V, 
3) Raa, lahu [ s s ] 
4) liea?8ttq, M,H,llaher 
oonditton 8 also ia^Xiee oonolasloii of th* aciz|«ti»* 
Stauo^rflo*' 35i«or«a D, 
H r ^ a B Stu^ and generali|i«d B 
and thoM of Saba Ham^ ^ aM larxu^^^ Isy utting ooodltion S* 
1» plaet 9t aull aequence ox condition 
prov«d following theorem t 
gheorea E. i e t ( ] 6 SS ttien 
l i ^ / | f « 0(1), 
a •• © 
3»5. In this ofaapter, w© isropos® to ol^ tain a gm&rallm 
station of the above theorea by introducing the notion of 
seqaenoes^ In what follows we shall i»©r« the 
following theo]r«tt * 
1 . m i ® 2 I B « fift < •• # thja 
lim / |f(x) - tjx)i «x m 0 ( 1 ) , 
-» •• 0 
1 ) flay^tt.O'.f. and Stanojevio.O,?, [ i Z ] 
2) and SharaR, 
3) Balm 
4> Kersttt MahfBr, M.S. i s z ] 
5 1 
5»4-, W slmll require ttoe followiag XeamaB for the 
xsroof of otxr theorta : 
t^wm 3f the aaHibe»8 c^, i » o A 
satisfy the condition < then the following eetiaate 
i$ 'mlid : 
/ I s 
® 2 Sin x/Z 
o i s an ah solute oonstaot« 
Z) 
i g K 2, [ 5 J . If 
X JiF < % » / 0 , then the c< a 
iaagplies that n^ a^ Of n 
iteam ] . l e t [a^]} 
with £ aF < - ( r > o ) . I f 
H P I 
1) fofldn, [ i i j 
2) Boae, R. P. C^ ] 
3) Boae, R. [ 5 ] 
h 
le 
5 2 
Broof of !lliwett 1 , % Abel's tranaforaatloii 
Six) * l i a 
a • 
lim 
n ^ ^ 
t % * ^ ^ 
" 1 
I % • A • a, e 
lim 
a - l 
« S A a^ UfcCx), since lim ( x > o i f 3t / © 
wiwioiimwfn-^irn'flr t f^ 
2 Sin x/Z 
I n n n 
T A X ) • - E A A - • E ( £ A A ^ ) EOS TO, 
2 « 
applying transformation we hairt 
1 n iwl I 
5 3 
1 n ^ ^ , t 
« • E A a-• S /^AyViixh' § S Aaj, • 
2 JtPO * l9«x * * ^ ID^ X * 
1 n X n 
• - 2 A a ^ • I A - S A a - • Aa„D„(x) 
2 low© * Ij^ x * 2 to»X " ^ 
a^x t & n 
-it -TC 2 fc.0 * to^X * 
n»X 1 
- £ A ajj t - ^ 
IcX 
" J o ^ 
o 0 1P"0 te»o 
• / l £ A aj. 2L(x) I ^ 
0 ItPni-X * * 
% 9 
• Xl» / I E A a ^ 
H - • lB-»fX ^ ^ 
% H ^aw-
- l i » / I E Aj, — A j dr 
IS ^^ 0 k-nfX * ^ 
Applying Abel*a transforiBation we hate 
5 4 
% is^ x k A a-
U a / E AAy t \ i x ) ^ 
H - « 0 * p.1 P Ap 
* i x 
A a ^ 
n 
- - J - 1 «« 
< itm 
H •• 
iWl w k 
E j A a ^ l / I 2 
P»1 
js ® 
< 0 tim n ^ w 
* ^ a A 
s-x 
slnot < I for taoh kt I t follows by liemma 
5 5 
0 " lfl«ml " 
Xlm 
N " 
By virtue of Z^ nma 2(r«l)* we have 
Um e o, 
H « ^ 
eo 
Kbw 
% 
Um / |f(x) - f (x)| dx < C liia E (k+l)jAeu 
• C XlM £ (1«-X)| Aa^ I, 
by virtue of Lemma 2( r • X) • 
0 Xin E (tet-X)! a.-au^, I 
5 6 
< 0 U « E fdcfDlAaj+e^.HtoH)! 6vl 
• 0 Xim E CfcfX) l A v ^ w l + O llm Z {MUy, 
«» m 
< 0 l i a E (lefl)| 0 llm i: (k^Dfi. • 
n - •• le»afl ^ a »fcanfX * 
• 0 liffi Z 
a « ^ 
M 
a Urn S (lefl)l U a Z (m) 
n «• n le»ml * 
0 11a Z (icfl) 
1>ir TirtQe of the hypothdeis. 
« o( l )» by aelng lieaaa 5* 
!lhi8 ooa^letes tli« proof «f fbeorem X« 
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OHjypfSR IT 
IM®(5RABlLI3?y Of POWER SMIBS 
4 .1 , BefJ^tlon X. I>«t (^(x) be an increasing 
function* satisfying : 
( i ) i s a non-negative function such tliat 
i s increasing as x i s inoreasing from sero to infinity« 
( i i ) lOiere exists a positive constant k > X, such 
that i s decreasing as x i s increasing from gero 
to infinity, 
J^f jMtion 2. A non^decreasing continaous reaX vaXued 
function I defined on the non-ne^^tive baXf l ine and 
vanishing only a t the csrigin will be calXed an Qrlicss 
function (OF), function $ e OF i s said to sat isfy A^^ Ca > o) 
condition for large u i f there are constant c > o and 
u^ )• 0 such that $ (au) ^ o $(tt)f u ^ tt^. A convex 
OrliCB function f satisfy the conditions 
5 8 
i(tt) i U ) 
lim » o ana l l n 
tt-^OIl n-fo® u 
1B called a loang demotion (TP), FonctioA $ belongs 
to XP I f , and only i f I t adodts a representation 
|(u) » / at , 
where t > o , i s positive, V^(o) « o, continuooo 
on the r ight , non^decreasing and l i a y^(t) « »» 
t 
We denote hy M the olass of Orlioa fanotion ^ which 
sat isfy the following conditions of ISilliallaud^^ 
There etiet a convex function X > 1 , and o < a < 1 , 
such that the inequality ACu) i |®(a) ^ X y\(tt) holds 
for a l l tt. 
A sequence j a ^ j of non^'nei^tive numbers 
i s said to he quasi-awnotone i f for mm a > o^a^^^ •n^^'*!^ > 
Shah^^ and Szasz'\ An equivalent definition of quasi^isontft onu 
I 
1 ) Ifelhalland, H.P, [ 3 5 ] 
2) Shah, S, M, [ 3 ^ ] 
3) Ss»s8, 0 . t-^zli 
5 9 
sequence i s that n'^ a^ j si- o for eom p > Ot 
4 , 2 . In 1927, Hardy and Uttaewood^^ jroved the 
following Integrabllity theorem for power series : 
gheorem Iret P(x) • 2 a^ aj, > ©, o < x < I. 
lOKO 
aSien for o < r < 1 , 
( l - x ) " * P(3C) € L(o , l ) 
i f , and only I f 
r - 1 
i n a„ < « • 
ml ® 
In X957, Chen^^ established an integrabllity theorem 
for power series series by the laethod of asymptotic appro* 
xlfflations, which generalises the abow theorem. He prowd 
the following theorem : 
gheprea B, Suppose that i s positive or aero. 
It and i s ultimately non-increasing, that F(x) » £ aj. x -f^ ^ 
lfl»0 
1 ) Shah, S. M, [ 39 ] 
2) Hardy, O.H. and Llttlewood, J . l . 
5) Heywood, p, H^B] 
4) CJhen, T. M, [ ^ ] 
G O 
o < X < Xf and that • » < r <1 , !Qi«n 
(X-x)"* HHx)) e i(o.X) 
i f , and oxay if 
« r-2 
2 n 4>(n < « , 
apX 
wber© ^(x) %b the function defined in^4.X» 
Zater on in X970 Woycaynski^^ jroved the foXXowing 
theorem concerning the integrabiXity of powesr series with 
monotone coefficient 0. 
gieorem C. let P(x) • 2 aj. x , 0 x < X. If 
}mo 
^n - 2 Ihen 
/ I (P(x))dx < 
if and onXy if 
X) Woyo«y»ski, W. A, [ 4 4 ] 
6 1 
o n 
£ ® ( I a,^) < « 
ml h^o * 
where I s a conrex Orlloa fuaction satisfying ,/\ ^ 
conditions. 
Recently Jain^^ proved the following theorem concerning 
the integrahili ty of power series with quasi-i&onotons 
coefficientst i^ich gene«alis5es the above theorem ; 
*** V 
fflteorem D, I«et « E a,- x , o < 3t < 1 , I f / a _ 
i s a quasi-monotone sequence such that o < ^ i i Bg 
with same p > o , ( n o l , 2 t 3 f » ) and o < r < then 
1 - r 
f ( l - x ) $ ( P ( x ) ) dx < « 
o 
i f »and only i f 
» r»2 n 
X a I ( E av) < 
bpI 1F=O 
1 ) Jaint P. [2(5] 
6 o 
4.3 . In this chapter w© will prove the following 
theorems ; 
THEOREM 1 . Let X( t ) he ^ ^ e l t l v e ^iwlnCTeaeing 
l a t e y a h l e fgnctlon on Interval o < t < 1 gttch t t o t 
-j^ xT^  X ( i ) } 1| decreasing for some positive r , and 
« 0 ( X ( | ) ) , f ( x ) « aj^x^for o < x < 1 , 
where a^ ^ i s positive ^ zero and I s ttltlmate|jjr non^liicreaBlng. 
|hen 
/ X(l -x) H H x ) ) ^ < ^ 
o 
M* ^^ i l 
Z X(l/n)n < « , 
ni«X 
whCTe (j>(*) I s fcuactlon defined in ^4.1 
If X( t ) « iT^ ( r < 1 ) , tMg. theorem redaoes ^ 
fheorem A. B22S22ir» 12 fiSi ® iB syifflclenoy 
1) 
j^art of this - theorem then we jget Itheorem 3 gf H^dy an^ Mttlewood 
1 ) Hardy, G»H. and Idttlewood^ [ Z a ] 
6 3 
p witai « -X « - r and r » p. • MMMMHi 
|HEORBa 2, |tt X(t> ^ a ge sit lye noii^iiicreaein^ 
Inteyable f y t i o a on ^ inter-y^ o < t < 1 . |«t 
k F(x) • S a ^ » 0 i < 1 . U a^j^ ^ ^ a ottasl-^potone 
sequence such that o < B^  < ajj,^  jC Bg witb wae p > Ot 
(n » l t 2 t . . » f ) then we ^aye 
/ X ( l - x ) i ( F ( x ) ) d x < 
o 
I Xll/n) n^ l i t a^> < « 
whOTe |(x) Is a conyeag Orlicg tmxstion eatiatyiag ^ ^ 
oonJlJions, 
I f XCt) » t '^^ Cr < I ) , tl^B theorem reaaoeg to a 
theorea of JaiJn?"^ which in I t s turn incladCB the theorem 
of WoyczynsU^^ ( r • o ) . 
1 ) Jain, p. 
2) Woyc«yn0ki, w.A. 
4>.4* we shall require the following lenuna for the 
proof of otfT fheorem 1 , 
{X(n) } ^ a ^altlye^ moaotonic ae^easlng 
sequeiMe saoh n X(n) •• o a^a 
2 « 0 ( n X(n)) , as n -
fcfl ^ < 
E X<n) ^(n a J < « , 
B»1 ** 
then 
4ao 
I X(n) < , 
2>*1 " 
and 
Z X(n) (f>(0 < A S X(n) iJ>Cn a_) 
npl ^ j» l " 
where ^ ^ a fimction defined In 
6 5 
II I^S th^ ^ e eyecial ca^ X(n)" n , 
c > X for tMs rjLSult ie da© to l&ilhalland^^ and 
« vP is to Haray and Id.ttXewood^\ 
proof of the lesana. Iiet 
then 
n 
tml " Voo 
H ^ 
B-X 
^Z^ (To-
B-X 
K-X 
0 
X) HuXhaXXand, H,P. [ 3 3 ] 
2 ) Hardy, a,H. and Iiittleiioo4,J»E, 
6 G 
J ^ (^(s^)- ^(Sj,) cr^  
3a»l 
(Tjj^i ^ 0(83^) (To 
l a t , 
f ( x ) « . men f ( x ) i s decreasing and 
therefor• 
V V l ®n -
6 7 
Sn - V l 
k-1 
by using the inequality 
X" - k-1 
x-y 
Thus 
""" y 
< k x « k > l , x > y > o . 
! ! 
N i l H k-l 
H ^ 
m k Z a (S^) ajj 0 n * 
where a(x) « 
0 
74 
n 
< k* I a (S^) aj^  n X(n) 
n 
• k» Z x(n) a(S ) n a . 
ml ** « 
Let t > 1 . !I5ien a (x ) being Increasing* we have 
•X 
t [ t na j^a(s^) ] 
< t-^ Ifex I t neij^  ait n a(S^) ] 
< iHt n a^) + HB^) 1 
Thus 
B k-1 H 
E X(n) 4><s„) < k» t £ X(n) •(n a^) 
tmX " " 
-X H 
• lc» t E X(n) HSj^ ) 
or 
H k» N 
r X(n)!f>(Sj^ ) < — £ X(n) 0(n a^ )^ , 
dpX ^^ k ' f ^ ^^ 
6 9 
low taking an arbitrary fixed and sufficiently large 
value of t , In order to make 1 - k* t*"^ > o, we have 
Z X(n) < K(^) Z X(n) ^(n a J 
for every H, and henoe 
£ X(n) ) ^ K 2 X(n)$(naj^>. 
B P I 
^ o o f of gieorem 1 , l e c e s s l ^ . Without loss of 
generality we may assume a ^ > a ^ > a 2 , Iiet 
lEhen due to the fact that (1 - g) (n « i s an 
increasing sequence, we have for i y ^ | t n > 2 
P(l-y) • £ av 
hmo ^ 
a fc 
> z (1-y) 
K«0 
n 1 Ic 
2 I aj^  ( 1 - i ) 
7 0 
1 n 
> - Z 
* 4 to-0 * 
> A n tm n' 
where A ^notea a positive eon^tantf not neceesarily 
the same at each occurajooe. 
!fow 
« -2 
£ X(l/n) n <l>(n a_) 
ml ® 
< A E / x { | ) t $ ( t a^ ) at 
• ml a ^ [t] 
- A I ) t"^ 
« A / x(tt) a. Vti > ^ 
- I 
< A Z / ° X(tt) (J>(n a j an 
* JL 
SFT 
1 
« A X(uH(a^)ATT+ A 2 X(u) 4>(n a^)ATT 
- I < A • A £ / x(y) 4>(P(i-y»ay 
m2 1 
m 
1/2 
< A • A / X(y) <l>(P(l-y)) ay 
< A A / X(y) <l)(P(X-y)) 4y 
. A / « A +   x a - x ) (t>(p(x)) ax 
0 
< 
Sttfflcieney^ te have 
«» Ic 
n k « k 
• 2 (X-y) • t a U l - y ) 
n •• , k 
< S a^ + S M X - y ) 
< A S^for ^ < y < i , 
A 
where S_ • £ au,. 
^ i c l ^ 
7 1 
7 2 
Ibw 
/ X ( l -x ) HHt)) Sx 
0 
m z f X(l-x) HH^)) to 
«» 1/n 
« 2 / x(y) $(f(x-y)) ay 
w -2 
< A E X ( | ) N (J><S_) 
-2 
< A E X(i) n ^(a a J 
wX « 
< « by vJxta© of the lanana. 
This completes the proof of Iheorem 1 , 
proof of gheoren 2, Ifecjssity. proof le slmiXar 
to that of the necessity part of Iheorem X, 
^^ o® i?»rlting (X-x) » y , 
7 3 
/ X( l -x) I (P(x)) d>t 
- r / , x (x -x ) I (p(x) ) dx 
w»2 X 
E 
E X(y) I ( E a^(l-y)^ay 
n 
< A E X(|) n $ ( S e^ C 1 - I ) ) 
« A E X(|) n $ ( E E a. ( l - | ) ) 
• - 2 1 Ok n(lw-l.) 
< A E X( |)n $ ( E (1- |) E a . ) 
• 1 - 2 •• -k a n(lW"l) 
< A E X<i) a I ( E e < E a.-f 2 a . ) ) 
~ DP2 » to«o 3-0 ^ j-nfX 3 
- .V ndcfl) 
< A E X ( h n $ ( E E — a . ) ) 
< A E X ( h a $ ( E e-^A^-^Bg E r ^ ) ) 
7 4 
«, -2 ^ •• 1-B 
< A Z X(|) a i ( 2 e (iL. B2 a k)) 
xmZ to«o 
< A E X(|) a $ < S e ( A + Bk a a ) ) 
"•2 00 
- ^ J 2 X(|)a $ ( J ^ e*^ Bk A^)) 
< A E F ( E B E " ^ A _ ( K F L ) 
ijf.2 ^ k«o 
< A £ a"^ $ (A^) - jjag a - a 
< « , 
fhie completes the ptroof of !Qiecrem 2. 
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CHAPTER • y 
FOURIER COEPPICIEOTS Of A fOTCTlOH mUomim 
^ UPta) 0X4^ 
• tefimtlons. 4 f^netion f i x ) i s said to beXozig 
« P ap 1 ) 
to the class I«(i>,a) i t / (s in x ) te < 
© 
I f f ( x ) e MPta) then we define 
r P ^P 1 3L/p 
llfjl « / / te 
p,« ^ 0 J 
Ve write 
. 6 J v ? ^ P-i 
1 » 
0 % i E ^(x) e BV 
" » W a * 
5 , 2 . l a 1929 HarAjr^ ^ preveA the foXloviag theoren coaceralag 
1 ) Askey* H. aad taiager.s^ C 3 ] 
2 ) Haray» G. H, [ j H ] 
7 G 
the Courier eoefficieirts of a funetlon belonslag to Jp 
oXasa* 
A, tt m^t a^* ^^ Foorior ee^ttSjoimta 
of a fteneticB of olass p 2: then | ^^ ^ | 
aleo Foiiriar eotff loieats of a fuBotion of oXaae X i^iiiiere 
+ ag • a^ + a^ j^ . 
Zf IL- i s re|3.aced £ then the Bsordy^s theoraii 
^ lp»n k 
i s s t i l l truo. In t h i s direction B^laan^^ p?oved the following 
theopcffi i 
gheorea B, 2f a^ *^ a^* are the Gorier 
cosine coefficients of a function f ( x ) e p > 1 , then 
a^t are also 3?6urier coefficients of a 
function PC*) € iPf where 
a » i ___ 
® to-n k 
In 1951 Petercon^^ generalised the ahoTe ^eorem of 
1 ) Bellaan^ S. [ y ] 
2) peter sen, [ ] 
7 7 
Hardly for (C,ee) m&n of • H© prowd the followliig 
theorem ; 
g i e o r ^ I f aj^, a^t a^ t^ are tba JPioiiriar 
coeffioiezitfi of an even function 
f ( x ) ^ E a^ 008 a* 
wl ® 
t»eXonglag to the Ii^  class C p > 2 , p + then 
9 
^^ * ' ••• 
are the fourier eoeffleients of an even fonetlon giz) belonging 
to Jp^ (p* < p)f whare 
( ) 
n 
Iiater on Golflherg''^ prowd the following theores nhieh 
generallsee the above theorem of B^djr in the following form: 
gh^rem D, l a t 1 < p < I f a^ I s the Iburier eoaina 
coefficient of a function belonging to iP olaast then i e 
1 ) (feldbarg, R^  R. i z o ^ 
84 
also fbttrier ooeine coefficient s of a fonetion l^elongifig 
to c lass . 
r e s a l t i s alto trae for sin coefficients. 
3lie cowrerse of Sieorem A i s not necessarily true. But 
Siddiqoi^^ proved a theoreffip by imposing additional condition 
on which i s of necessary and sofficient type. Be proved 
the following the area t 
m 
fflieoreai E« let f (x) » £ a^ cos nx with A^ 4' • ^VA 
ml ^ 
a necessary and soff ioient condition that S a^ cos nx be 
the Ibixri^ series of f ( x ) e tP i s that t A^ cos nz be the 
?ottri«r series of a function belonging to class* where 
1 « p > 1 and «» t 
5 .3 . l a the present chapter* owt object i s to weakexi 
the hypothesis that 4 o of Sheer en S to a condition 
that a**^  a^ i ^ u l d be aonotonio for some noiwnegatiTe 
integer p and also for weighted spaces. In irtiat follows 
we shall prove the following theorem * 
gfflORBM. Lgt ^ a^I be a po^tiy|» nnll set^nenct ffi^oh 
1 ) Siddiqui, A. H. C4o] 
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yiat nT^ atjj ^ apaotoalcally deereaein^ for np^negft-feive 
m 
^ t e ^ e r p, fCac) « E <S08 BX. ^ f a a n»c«Baary 
m 
ana sttffiolent conaition that eerlee S s^ coe ^ ^ — 
m 
ypgyiw scrleB of f ( x ) e I»(p,a) i s that E iL cfoe a* 
ISS. ISS ypt^ y^ gy iSliSS 2£ S fanotion helomia^ to I (p ,a ) glass , 
t fi wtof < « p < p - ' l ang ^ * I 
5*4. W© ebaXl require the following leranas for l&e proof 
of our theorem t 
l^ iagta 1 , le t f ( x ) « £ a^ eos ixx whore a . i s 
ml ^ ^ 
positire aM tefiS to eero aiad iT^a^ l e laonotofllealljr deereaeiag 
for some aon^ae gat lire integer p. !Qie& moeeesry^ and eufficient 
** o 
eondition that f ( x ) e I.(p,a) i s that t n ^ ^ ^ j^ P < « 
n^ere X < p < » and - l < ap < p*-!. 
- x 
laiMlk 2# K i s apaotonieally decreaaln^ for 
Hon^aefflitive inte|yr theg. 
1 ^ I £ a|. 
.P 
1 ) Aslcey, R. and wainger, S» [ 3 3 
80 
fi^pp aoBotoalcally deereaBing for yn»*iitgativ 
B?oof. Oase < i ) , lidt p * o , tlittn wd iia'^ e to ^ w tbat 
l a 1 n+1 
a iM-x 
or (ni'l) Z ^ n Z 
IcX 
a a a 
lc»i * * toil * 
Siaee 
V l i "2 • 
i t follows that 
a a, ml * 
fkitts 
Si ^ V x -
8 1 
Caw ( U ) , p I I* liet Cjj • a*^ a^ t 
I A ^ n 
— « n 
n' 
and 
• a 2 k*^  ~ 
m n 2 i r C,^  t 
«(X4p) ttfl p. 
How 
-a+pv » p -Vi'^'P//' o p P ") 
(m-X) ^ ^ ^ ^ W j 
•CX4B) a o -
(nfX) z 16^  ( a f X n C ^ , . 
-(X+p) a « -(X+p) a f t -X 
, 2 
th«refor«. 
- C X + P ) 
•iml) 
- ( U p ) 
. -(X+p) a « 
r -(X+p) •(X+pX a ft 
L w-X jgJj^ * "^mX 
« C, ml 
•(X+p) ^ -(X^p), n 
n •(at-X) Z kP^l 
-(X4p> 
•(nfi) 
-(X+p) 
r -(X+p) 
I k^ 
Jte»X 
-(X+P). a 
r ^ 
-(X4^P> a 
. { (afX)a E 
1ml 
»|(ttfX)a a . a (X^ i ) I £ k^ 
L a Jlc»X 
. a " % ( X + i r ^ l ? kP 
L a a 
8 3 
. ( 1 ) * " } yf 
•p r 1 p X 7 » 
m n J • - - imm • . . . f £ k^. 
I n n 2 n*^  J lc»l 
Sow ueittg the formalft^^ 
£ IgP a - • - ........I.,..!, a 
}mX p+1 2 12 720 
we have 
(JM«1) E ^ • I [ ( P + 1 ) - ] N \ 0 (TT-2) 
> X for laric® a . 
Urns 
(ttfl) (Aj^  - Ajj^ )^ > and conseqneatXy a"^ A^  is 
aoootoaloally d«ar«a|||ag tor »owm noiwrngatlTo lategier p. 
X) Eyeblkt I.M. and Qtaasleia^ ^37] 
8 4 
IMIA 3, |«t ^ajj j ^ i^gltlve and tead ^ ^ero. 
tot 52 Mottotonlcally decreaelng for aoiw iionHBsgatl'r* 
integer p. men t ^ coiwer^ iysie E^  ^ ja^leg 
the conreri^e^e of aeriee 
a • ^ e r e 
X n 
A m Z 
Broof. Since i e a monotoaicaXXy decreasing 
sequence» i t follows l^iat 
l a 1 a p 
£ k fti-k 
^ a * a lp»l * 
1 at R 
X -p p+x 
^ k • a a 
so that 
•• p*op-2 •• P-KXP-'g p 
ii«X ^ • kpX ^ 
8 5 
and lieiifi® the re8Kat follows. 
Proof^ of. the Ihe^em^ S 2 1 S S S * Jfeo^sslty part 
follows fa^ om (Sheorem S as a |>artlettlar ca8». 
SIJFPICIBNOY. Stace ^ A ^ j i e a positive nail sequence 
and due to liemnia j^sT^S^j- i s foofiotonloally OecTeasing 
for some noiwnegatlTe integer ^^  i*^  follows from Lemma 1 that 
m 
i f £ JL oes IOC i s the Fourier series of a foactlon F(z)ei<p,a) 
m l ® 
« P^p-2 « 
then S n Al < «». 
m l ® 
Bdw appl^ng Lemm 3t we have 
? p-ap.2 
m l ® 
Hence by lAwm 1 , f ( x ) € UPta) and consequently Z a cos m 
ml 
i s the BDorier series of f ( x ) . 
Ihis coB^letes the proof of ^ e theorem. 
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This note deals with the mtegrabihty of trigonometric series with S-quasi-
monotone coefficients. We have generahzed the theorems of Yong (1965) in two 
directions. 
§1. A sequence {««} is said to be quasi-monotone if n-P^n is monotonically 
decreasing to zero for some p > 0, or equivalently, if > 0 and a„+i < a„(l + (a/n)) 
for some constant a > 0 for all n > //o(a) (Shah 1947, Szasz 1948). It is clear that 
every monotone decreasing sequence is quasi-monotone and the converse is not 
necessarily true. Quasi-monotone sequences are known to share many of the 
properties of decreasing sequences, for example, Olivier's theorem (Szasz 1948) the 
Cauchy condensation test for convergence (Shah 1947, Szasz 1948); and a number of 
theorems about trigonometric series (Shah 1962, Yong 1965, 1966). 
The concept of quasi-monotonicity was further generalized by Boas (1965) in 
the following manner: 'A sequence {a„} will be called 8-quasi-monotone if a„ 0 as 
K -> CO, a,, > 0 ultimately, A = an — On+i > — Sn for some positive sequence 
{S„}- It is clear that a quasi-monotone sequence with an 0 is a 8-quasi-monotone 
sequence when Sn = aa„/«.' 
By <f,{x) ~ [fl, 0 < a < 6 < CO or —oo < a < fe < 0, we denote a non-
negative function ^{x), not identically zero, such that x-° <j>{x) is non-decreasing and 
x-" ^{x) is non-increasing as x increases in (0, oo). By ^{x) r^ { a, b ), y/e denote 
a function (f>{x) such that for some positive e, <l>{x) r^ [a e, b — e] (Chen 1965). 
A positive, continuous function L{x) defined for x > 0 is said to be slowly 
varying if 
lim U ^ ^ J 
L{x) 
for every fixed t > 0 (Karamata 1933). 
§2. Concerning the integrability of trigonometric series, Yong (1965) proved 
the following theorems. 
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Theorem A — Let 0 < r < 1, and {a„} be a quasi-monotone sequence with 
00 00 
a„ -> 0 as -> oo. Then S tf-^Hn) a„ converges, if and only if J Oo + S a„ cos nx 
converges everywhere to / ( x ) save possibly at x = 0, and 
x - r L { \ l x ) m G L{Q, u). 
Theorem B — Let {fln} be a quasi-monotone sequence with fl„ -> 0 as n oo. 
00 00 
(i) For 0 < r < 2, if S a„ converges, then S a„ sin nx converges 
1 1 
everywhere to and 
x-rLO/x)g(x)EL(0, Tt). 
00 
(ii) For 0 < r < 1, if S a„ sin nx converges everywhere to g(x), and 
x-'L{\lx) g{x) G L(0, Tt), then 1 n'-^L{n) 
1 
converges. 
§3. The object of this paper is to generalize these theorems. In what follows 
we shall establish the following theorems. 
Theorem \—Let ^ (^x) ~ ( — 1, 0 ) . Let {««} be a S-quasi-monotone 
00 00 
sequence and S ^(I/n) S„ < oo. Then S (1/n) 0(1/«) an is convergent if and only 
n=l 
00 
if JOj + S On COS nx converges to f(x) except possibly at x = 0, and «=1 
4>{X) fix) G L(0, Tt). 
Theorem 2 — (i) Let ^(x) ~ ( —2, —1 ). Let {an} be a S-quasi-monotone 
0 0 0 0 CO 
sequence. If S 9i(l/n) and S ( ] /«) 0( l /n) are convergent, then S a„ sin nx 
«=1 /i=l n=l 
converges everywhere to g(x) and ^ (^x) ^(x) G i ( 0 , n). 
CO 
(ii) Let 0(x) ~ < — 1, 0 ). If S sin nx converges everywhere to g(x) 
n=l 
00 
and 0(x) g(x) G i ( 0 , 7t), then S (1/n) 0 ( l /n) a„ converges. 
n=l 
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As a particular case in Theorem 1 and Theorem 2(ii), we may set 
^{x) = x-'L{l/x), where 0 < r < 1 and in Theorem 2(i) we may set ^(x) = x-'L{llx), 
where 0 < r < 2. 
§4. For the proof of these theorems we require the following lemmas. 
Lemma 1 — Let ^{x) ~ < — 1, 0 ) or ^{x) ~ < -2, ~ 1 ), then 
K,<l>il/n) < S (1/A:) ^{1/k) < K,4>illn) 
where and K^  are two positive constants. 
PROOF : Let ^{x) ~ ( - 1 , 0 ) , then 
ft il 
n 
k=\ 
n 
k = l 
> K, ^^ i>{\!n) n^-^ 
Again 
k=l k=l 
n 
" n 
' ' \ 
k=\ 
n 
/c=l 
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Thus the result follows. Similarly we can prove the result for <j){x) ^ ( —2, —1 ). 
00 
Lemma 2 — Let {a„} be a S-quasi-monotone sequence with S ^(1/n) Sn < oo. 
n=l 
00 oo 
If S (l/rt) Z^n converges, then S ^(1/n) I A. n^ I converges, where 
n=l n=l 
< - 1 , 0 ) or ^ ( x ) ^ ( - 2 , - 1 ). 
PROOF : Since A > — Sn, we have | A «« I < A «« + 2S„. Suppose 
00 
that S (1/n) ^(1/n) a„ < c» then by Lemma 1, 
CO CO 00 S 95(1/«) 1 A an I < ts: S 1 A fln 1 s (il/imi /i=l «=l y=l 
S (A«« + 2S„) S [\lj)<l>{\lj) n=l /=] 
= S (l//)^ (l/y-) S (A«» + 28„) 
y=l n=J 
= ^ S (l/;) ^(1//) (a, + 2 S S„) 
y= 1 n=i 
S (l/;)^(l/j)a, + 2ii: S I (1/7)9^(1//) 
00 00 < S (!/;•) 54(]/;-) fl, + ^ S S„ ;=1 n=l 
< oo. 
Lemma 3 (Chen 1965) — Let = (1/x) where ^(x) ~ < - 1 , 0) . 
Then ^(x) ^ ( -1,0). 
Lemma 4 (Chen 1965) — If <P(x) ~ ( - 1 , 0 ) and (1/x) t ^ l / x ) / ( x ) G MO, n) 
Tt 00 
and if an = (2/k) J / ( x ) cos dx for every n, then S i{y(«) a„ is convergent. 
0 n=l 
00 
Lemma 5 (Chen 1965) — If a„ > 0 and if the series S «„ sin converges 
n=l 
everywhere to the function f(x) such that i^(x) f{x) G 1,(0,7t), where <j>{x) ( — 1, 0 ), 
00 
then S ( l /n) ,5 ( l /« )a„ < oo. 
n=l 
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Proof of Theorem 1 — Since A > — we have I A «n ] < A ^^n + 2S„. 
CO 00 
Also the convergence of the series S <f>{lln) S„ implies that S S„ < oo. Therefore, «=1 n==l 
using the condition that an 0, we have 
00 00 00 
S \ A On K S A a„ + 2 2 S „ < o o n—l n—1 n=l 
CO 
and thus iflo + ^ n^ converges to fix) except possibly at x = 0. Now 
so that 
Thus 
Now 
oo 
f{x) = ^ flo 4- S On COS nx 
71=1 
00 
n=l 
fix) 1 < i ^ o + i^lx) s 1 A 1 1 sin I . 
J (^x) i fix) I dx 
0 
< / '95W + re ; S 1 A ffo I 1 sin ^nx | dx 0 . 0 n=l 
= J c/x + Jt S 1 A ! J I sin J I dx 0 »=J 0 
= + /a. say. 
7C 
A = J 0 
0 
0 
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and 
4 = S I Aa„ I J x-mx) I sin \nx 1 dx /i=l 0 
00 1//I Tt 
= 7t S I A an I [ J I sin Inx \ dx + ^ x-^{x) 
n=l 0 l/n 
X I sin J nx | dx] 
CO 1/n TZ 
< n S I A an I [(n/l) / ^{x) dx + J dx] 
11=1 0 Un 
= i f 2 I ^ I • 
; /=l 
Hence 
CO 
^(x) I fix) \dx<~ a^m + ^ ' ^ ' 
«=1 
< oo by virtue of Lemma 2. 
00 
Conversely, suppose that ^ OQ + ^ n^ cos nx converges everywhere to f{x) 
11=1 
except possibly at ^ = 0. Let 4.ix) f(x) G 1,(0, TC), then f(x) G Z-(0, re) and there-
fore On are the Fourier cosine coefficients of f(x), that is to say, 
On = (2/7I) J fix) cos nx dx in = 0, 1, 2, ...). 
0 
00 
Then by Lemma 4, S ( l /« ) 56(l/n) an is convergent. 
n=l 
This completes the proof of Theorem 1. 
Proof of Theorem 2(i) — Since A «« > - S„, we have 1 A «n | < A a™ + 2S,,. 
00 00 
The convergence of S ^4(l/«) S„ implies that S S„ < oo. Therefore by using the 
00 00 
condition that 0, we have S I A fln 1 < Thus S a„ sin converges to 
n=l 1 
for every x. 
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Now 
00 
S(x) = ^ (cos ^x - cos(n + x) 
11=1 
00 00 
= - i tan ( i x) ^ A a„ + ^ A - cos(« + |)x) 
«=1 «=1 
and hence 
00 
! g(x) 1 < Ifli tan ( i x) + I cosec J x S | A | [1 - cos (n + J ) x]. 
n=l 
Thus 
Now 
] I ! rfx < I J ^(x) tan (ix)dx + i S { A a„ \ 
0 0 n=l 
7t 
X J ^(x) cosec [1 — cos (« + x] dx 
0 
7C 0 0 1 / / 2 
< iOi J x<l,(x) dx + I S I A 1 [ J ^(x) cosec 
0 «=1 0 
7 t 
X {1 - cos (n + i) x}dx + J <j>{x) cosec ^x 
I In 
X {1 — cos (n + x} dx]. 
I x^(x) dx == J dx 
0 0 
< n^-'^in) f JC'-i dx 
0 
Mn 
J ^(x) cosec [1 — cos {n + x] dx 
0 
Mn Mn 
< j c/x = Kn^ J x^-*</,(x) x'-i rfx 
0 0 
Mn 
< f dx = 0(<f>{lln)) as n 00 
0 
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and 
n 
f ^(x) cosec l^x [1 — cos (« + i ) A;] i/x 
1/" 
^K f x-'^(x) dx = K f x'^-' dx 
Ijn Ijn 
< K(\/ny+* ; dx = Oi<^il/n)) as n oo. 
Mn 
Hence 
7C 
J 4,{x) \ g{x) 1 < oo, by virtue of Lemma 2. 
0 
00 
(ii) Suppose S a„ sin wx converges everywhere to g(x) and let 9i(x)g(:)c)E-£'(0,7t), «=1 
00 
then by Lemma 5, S ( l /«) is convergent. K = 1 
This completes the proof of Theorem 2. 
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